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Analytic progress on exact lattice chiral symmetry 

Y. Kikukawa a 

a Department of Physics, Nagoya University, Nagoya 464-8602, Japan 

Theoretical issues of exact chiral symmetry on the lattice are discussed and related recent works are reviewed. 
For chiral theories, the construction with exact gauge invariance is reconsidered from the point of view of domain 
wall fermion. The issue in the construction of electroweak theory is also discussed. For vector-like theories, we 
discuss unitarity (positivity) , Hamiltonian approach, and several generalizations of the Ginsparg- Wilson relation 
(algebraic and odd-dimensional). 



1. Introduction 

Three years has passed since the re-discovery 
of the Ginsparg- Wilson relation |EJ. Now we know 
how to construct a gauge- covariant and local lat- 
tice Dirac operator which satisfies the Ginsparg- 
Wilson relation Lattice fermion theories 
with such a Dirac operator nicely reproduce the 
properties of massless Dirac fermion: the exact 
symmetry of fermion action H, the chiral anomaly 
from functional measure [|5|- |l0|, a nd the novel in- 
dex theorem on the lattice |ll|Jl2| ]. Moreover, 
it has opened the possibility to construct chiral 
gauge theories on the lattice with exact gauge in- 
variancc|l2 15 1. 

Let me first recall the basic structure of the 
Ginsparg- Wilson fermions, which may be sum- 
marized as in the figure |l|. For the exact chiral 
symmetry based on the Ginsparg- Wilson relation 
to make sense, the locality of the lattice Dirac 
operator is crucial. Otherwise the lattice chiral 
transformation, defined as follows 

6tp(x) = 75(1 - aD)tp(x), Srp(x) = V>(a;)75, 

(1) 

cannot be regarded to be a local transformation. 
The locality has been proved rigorously for Neu- 
berger's (overlap) Dirac operator under the so- 
called admissibility conditionj4|,[l(| on the the pla- 
quette variable, U(p): 

|| X — t7(» ||<e, 6< 1 (m = l). (2) 

The admissibility condition has important dual 
roles. On one side, it ensures the locality and 



the smooth dependence of lattice Dirac operators 
with respect to gauge fields. On the other hand, 
it gives rise to the topological structure in the 
space of lattice gauge fields. Both are crucial for 
the index theorem to hold on the lattice at a finite 
lattice spacing. 
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Figure 1. Structure of Ginsparg- Wilson fermions 

This structure of the Ginsparg- Wilson fermion 
tells us that the question of the exact chiral 
symmetry on the lattice is intimately related to 
the question about the behavior of lattice gauge 
fields. In fact, in the construction of chiral gauge 
theories, one needs to explore the topological 
structure of the space of admissible gauge fields. 
It is needed for both the cohomological classifi- 
cation of the topological field in 4+2 dimensions 
which is related to the gauge anomaly cancella- 
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tion, and the proof of the global integrability of 
the functional measure of Weyl fermions. These 
issues, in particular for non-abelian cases, turn 
out to be rather tough to address and one need 
to struggle with the admissibility condition. In 
lattice QCD, on the other hand, the gauge field 
action is the type of the Wilson action 

5 G =/3^iReTr(l-f/(p)) (3) 
v 

and the admissibility condition is not imposed. 
Then it is necessary to understand how far one 
can maintain chiral property, locality and also 
universality This is an urgent issue for numer- 
ical applications. It will be covered in the talk 
(article) by Hernandez p"7| . 

In this talk (article), I would rather discuss the 
issues in theoretical interests (so far) . First of all, 
I would like to discuss more on lattice chiral gauge 
theories. It is highly desirable to extend Liischer's 
construction of abelian chiral gauge theories with 
exact gauge invariance to non-abelian cases. Be- 
cause of the reason I mentioned above, however, 
little progress is obtained so far. Another in- 
teresting question is to seek a practical formu- 
lation of chiral gauge theories which can be us- 
able for non-perturbative studies through numer- 
ical methods. Although chiral gauge theories are 
a difficult case for numerical simulations, such a 
formulation can provide tools to get insights into 
the dynamics of chiral gauge theories. I will dis- 
cuss the use of domain wall fermion in this respect 
and will argue that it provides a hint for a practi- 
cal implementation. Also I will discuss the issue 
in the construction of electroweak SU(2)xU(l) 
gauge theory on the lattice. 

Secondly, I would like to discuss more on the 
basic properties of the Ginsparg- Wilson Dirac 
fermions. Unitarity is one of the basic proper- 
ties which is not fully examined yet and I will 
review recent results on this question. There are 
several proposals for new types of lattice Dirac 
operators. I will discuss an algebraic generaliza- 
tion of the Ginsparg- Wilson relation and its con- 
sequences. Finally, I will review recent works on 
the Ginsparg- Wilson relation in odd dimensions. 

For notational simplicity the lattice spacing a 
is set to unity in the following. 



2. More on chiral gauge theories 

Once the lattice Dirac operator satisfying 
the Ginsparg- Wilson relation is obtained, Weyl 
fermion and its functional measure can be defined 
through the chiral projectors 75 = 75(1 — D), 75 
by introducing orthogonal chiral bases {vi} and 
{v k } as %Vi(x) = +Vi(x), Vk(x)j 5 = -Vk(x) . 
Then the partition function(chiral determinant) 
of the Weyl fermion can be evaluated as 

Z-w = det {vk, Dvj) = det (vk, Vj) . (4) 

When we adopt Neuberger's (overlap) Dirac op- 
erator, 

where H = 75 (D w — m )(0 < m < 2), the above 
partition function reproduces the vacuum overlap 
formula of chiral determinant fl2]| . 

However, there remains a certain ambiguity 
in the definition of the functional measure and 
the partition function. In fact, when we choose 
a different chiral basis, which should be related 
to the original one by a unitary transformation, 
Vi{x) — > Vi(x) = ^2jVj(x)Qji, the functional 
measure is changed by the phase factor det Q. 

Liischer proposed a method to fix the phase of 
the functional measure by imposing the locality 
of the field equation, the gauge-invariance, and 
the smooth dependence with respect to gauge 
field |I^,[l4|]. He gave a constructive proof that 
such a measure indeed exists in anomaly-free 
abelian chiral gauge theories. 

2.1. Use of domain wall fermion 

Since the vacuum overlap formula was origi- 
nally derived from domain wall fermion fl8[| , we 
may reconsider the above problem from the point 
of view of domain wall fermion. For simplicity we 
adopt the vector- like domain wall fermion [p~9|— pT| , 
which is defined by the five-dimensional Wilson- 
Dirac fermion with a negative mass (0 < tuq < 2) 
in a finite extent of the fifth-dimension, x$ = a^t, 
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t 6 [-N+1,N]: 



N 



a 5 ^2 y^i'fat) (-°5w - m )ip(x,t). 



t=-N+l x 



(6) 



(0,5 is the lattice spacing of the fifth dimension.) 
We first note that there is another possibility to 
couple gauge field to the chiral zero modes of the 
vector-like domain wall fermion: one may intro- 
duce a five-dimensional gauge field which is vary- 
ing in the fifth direction so that the gauge field 
on the right wall, (x) , is interpolated smoothly 
back to a trivial field, U® = 1, on the left wall, 
U^x,t) = (U k (x,t),l) : [/£ = !-> U k (x). 




t = -N+l t = N 

Figure 2. DWF for chial gauge theory 

Then, instead of treating the five-dimensional 
gauge field dynamically (like the original pro- 
posal by Kaplan Jl8|]), one may consider to 
construct a gauge-invariant and local counter 
term, C [U^Xjt)], which can compensate the five- 
dimensional dependence of the partition function 
of the domain wall fermion: 

det (£>5w — tuq) x e c : functional of U fJl (x, N). 

If such a counter term would exist, the do- 
main wall fermion could be reduced to a four- 
dimensional system which depends only on the 
gauge field on the right boundary wall. This re- 
duction could be achieved in a gauge-invariant 
and local manner. This problem, as we will see 
below, turns out to be equivalent to the prob- 
lem addressed by Luscher, i.e. the question of 
the gauge invariant and local construction of the 
functional measure of the Weyl fermions ]T^ , p2| , 



Integrability condition for domain wall fermion 

The dependence of the partition function of do- 
main wall fermion on the five-dimensional gauge 
field can be examined by considering a smooth 
variation of the five-dimensional gauge field. We 
assume that the variation is supported in the 
finite interval which is fixed in size w.r.t. N: 
6U^(x,t) = ^(x,t)U^(x,t); te [-A + 1.A]. 



Ufa) 




-N+l -A + l A N 
Figure 3. Interpolating 5D gauge field 



Then we have 
S det (D 5v 



t X 

(7) 



^0M)=Tr(V;(x,t) 



1 



D 5w - m 



(8) 



A crucial point here is the locality property of 
the current J®(x,t) in the interpolation region 
t G [— A + 1, A]. It is possible to show rigorously 
that the current is a local functional of the five- 
dimensional gauge field, provided that the gauge 
field satisfies the five-dimensional analog of the 
admissibility condition: 



l-EMp)||<e, (m = l), 



(9) 



where U^(p) is the five-dimensional plaquette 
variable. The immediate consequence of this fact 
is that in the limit N — > oo, the current J^_(x, t) in 
the interpolation region does not actually depend 
on the specific choice of the boundary condition 
for the domain wall fermion (Dirichlet boundary 
condition). We may replace the current by that 
of the five-dimensional Wilson fermion subject to 
the anti-periodic boundary condition(AP) in the 
fifth dimension which is enlarged twice as large 
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as the original size (see the figure 4). Because of 
the periodicity, the five-dimensional gauge field 
of the above configuration can be regarded to de- 
fine a closed path, c% + (— c ) : U% — > Uj. 
(or C2 + (—Co)) in the space of four-dimensional 
gauge fields. By noting the fact that the interpo- 
lation path Co can be chosen arbitrarily, and the 
reflection property of the five-dimensional Wil- 
son fermion under P : t — ► — t + 1; Uk(x,t) — ► 

C/itfo -t + I)" 1 ; ^ 5 w -» P75-DL75-P, 



one obtains 



. Cl,C 2 . 



-co- 



j^j g&l ; ; 



-JV+l JV 2iV 3N 

Figure 4. 5D gauge field for anti-periodic b.c. 

we can derive an identity for a subtracted parti- 
tion function of domain wall fermion: 



z dw = Jim 



'5w ' 



det (£> 5w ~m ) c 
det (D 5w - mo)[Xp] 



(10) 



(11) 



Qll^ Cl is the complex phase of the determinant of 
five-dimensional Wilson fermion subject to anti- 
periodic b.c. and coupled to the five-dimensional 
gauge field representing the loop C2 — c± , 



)C2— Cl 

■> 5w 



lim Im In det (D 



5w 



\C2— Cl 

m 0)[AP] 



(12) 



This term is known to 
Simons term in the continuum limit 



reproduce the Chern- 
|25). Then 



we can conclude that the dependence on the five- 
dimcnsional interpolation is governed by the lat- 
tice counter part of the Chern-Simons term. 

Local cohomology problem in 5+1 dimensions 



1C 2 — Cl 

5 5w 



can always be expressed by a local field, 
if the closed path C2 — Ci is contractible. In fact, 
by introducing a continuous parameter s 6 [0, 1] 
which parameterizes the deformation of the five- 
dimensional gauge field (U^(x),l) — > U^x.t), 



QH~ C1 =£ / ds {vfa,t)ImJZ(x,t)} 



The local field in the r.h.s. is not gauge-invariant 
in general, but there is a possibility to satisfy the 
gauge-invariance by adding a certain total diver- 
gence term, which does not affect Ql^~ Cl itself: 

S G {rf^x, t) ImJ«(x, t) - d;K„(x, t)\ v ^ } = 0. 

The above equation defines a local cohomology 
problem. It can be re-formulated with the topo- 
logical field in 5+1 dimensions and can be solved 
non-pcrturbatively in abelian chiral gauge theo- 
ries |26|,|27j and in all orders of lattice perturbation 
theory in non-abelian chiral gauge theories [^,^9) . 
In these cases, one can show that there is the 
gauge-invariant and local density of Q|^~ C1 , if the 
anomaly-free condition is satisfied p3j. 

Reduction to four-dimensions and factorization 

If Q^ Cl can be written in terms of a gauge- 
invariant local density for all possible closed path 
c-2 — ci in the space of gauge fields, then it is pos- 
sible to write Q*^f~ Cl as 

n c 2 + (-ci) 
^5w 



5w °5wJ 



(13) 

where and are gauge-invariant and lo- 
cal terms associated with the interpolation paths 
ci and C2, respectively. Then from the identity 
Eq. @ it follows that 



7C1 

^DW 



7C2 



(14) 



This result implies that the partition function of 
the domain wall fermion can be made indepen- 
dent of the interpolation path by adding the local 
counter term. 

We can work out explicitly the subtracted 
partition function with the local counter term, 
Zp W • e zCs ™ , using the master formula in which 
the partition functions of the five-dimensional 
Wilson-Dirac fermions are expressed in terms of 
the transfer matrices p0| , pl| . It turns out that the 
partition function factorizes into the product of 
two chiral determinants in the overlap formula: 

2dw ' e lCli = det (*>*. Dv i) ■ det (vk,rh%)* , 

(15) 
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where D is Neuberger's (overlap) Dirac operator 
with the hermitian operator H defined through 
the transfer matrix T = exp(— a§H) of the five- 
dimensional Wilson-Dirac fermion, or more sim- 
ply H = l5 (D w - mo)/(l + a 5 {D w - m ))||. 

and {wj} are the chiral bases with respect 
to U° on the left wall and £4 on the right wall, 
respectively. Note, however, that in this case the 
phase of the basis {vj} is fixed as follows: 

I \ _ J V K X ) e,0(ci) e-* C£ ™( Cl ) (i = 1) 



(ci) 



det «M nt-i+J. 



dot 



rit=-A+i T * 



Then the chiral determinant det (vk , -Dv? ) is 
gauge-invariant by construction ! We can check 
that the above choice of basis would define the 
functional measure of Weyl fermions with the de- 
sired properties in anomaly-free chiral gauge the- 
ories. (See also Q for a recent proposal how 
to fix the complex phase in the vacuum overlap 
formula.) 

In this manner, domain wall fermion can pro- 
vide a gauge-invariant partition function of the 
Weyl fermions in four dimensions, through the 
integrability condition for domain wall fermion 
Eq. ( |Tc| ) and the cohomological problem in 5+1 
dimensions. The sufficient condition is that 
there exists a gauge-invariant and local density of 
QTw Cl (lattice Chern-Simons term) for all possi- 
ble closed path C2 — c\ in the space of gauge fields. 

2.2. A hint for practical implementation 

The fact that domain wall fermion (as a five- 
dimensional Wilson-Dirac fermion) can provide a 
concrete example of Liischer's construction sug- 
gests that the continuous interpolation in the 
space of (admissible) lattice gauge fields can be 
discretized, without loosing the topological proper- 
ties of the gauge anomaly of the Ginsparg- Wilson 
Weyl fermions f^Jbi . In fact, it is possible to de- 
fine the topological field on six- dimensional lat- 
tice which can capture the global aspects of the 
gauge anomaly. 



To see this, let us consider a two-dimensional 
surface in the space of lattice gauge fields and in- 
troduce lattice coordinates t and s on the surface. 
For each lattice site (s,t), we associate a four- 
dimensional lattice gauge field and a chiral ba- 
sis with this gauge field: {vj(x)( s,t >}; Uk(x, s, t). 
Then we can define a two-dimensional U(l) gauge 
field (G s , G t ) on the lattice as follows: 

det (v^M^) 
G.(a,t) = ) J—: 7~ .\ (16) 



Mi/ 0+1. t) (S,t)\ 

| det \ v> ,vy ' \ 



and a similar definition for Gt(s,t). The change 
of the basis by a unitary transformation at each 
site induces U(l) lattice gauge transformation. 

Then we may consider the plaquette variable 
of the U(l) gauge field given by 

U(s, t) = G s (s, t)G t {s + 1, t)G s (s, t + l)- l G t (a, t)' 1 

and may define a topological term 

£-Llntf( M ). (17) 

One can show that this topological term reduces 
in the continuum limit to Liischer's topological 
field in 4+2 dimensions Jlij . Therefore, as long 
as the two-dimensional lattice is fine enough, the 
topological term can capture the global aspect of 
the gauge anomaly of the Weyl fermion on the 
lattice. We may also consider a Wilson loop of 
the U(l) gauge field given by U loop G l (s,t). It 
turns out to be identical to the lattice Chern- 
Simon term exp(iQg™ p ) in a certain limit. Thus 
we observe the structure over four-, five-, and six- 
dimensional lattices similar to the descent rela- 
tion. 

The topological field on the six-dimensional lat- 
tice may be used to solve the cohomology prob- 
lem and to construct the gauge-invariant and lo- 
cal density of the Chern-Simon term. Since the 
interpolation is discrete, we may perform explic- 
itly the check of the global integrability condition. 

2.3. Electroweak theory 

It is highly desirable to extend Liischer's con- 
struction of abelian chiral gauge theories with ex- 
act gauge invariance to non- abelian cases. As a 
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first step towards this direction, one may con- 
sider to extend the gauge-invariant construction 
to electroweak SU(2)xU(l) gauge theory Q. 

Electroweak theory is the chiral gauge theory of 
left-handed leptons and quarks in SU(2) doublet 
and right-handed quarks in SU(2) singlet. Taking 
into account of the color degrees of freedom, there 
are four doublets in each generation. The space of 
the admissible SU(2)xU(l) gauge fields is divided 
into the topological sectors |Hy$g], each one is the 
product of a U(l) topological sector and a SU(2) 
topological sector. 

In the vacuum sector of the U(l) gauge 
fields, where any configuration can be deformed 
smoothly to the trivial one U^(x, /i) = 1, we can 
turn off the hypercharge gauge coupling. Then 
the theory can be regarded as vector-like due to 
the pseudo reality of SU(2). It is indeed possible 
to make the fermion measure defined globally for 
all topological sectors of SU(2) by the following- 
choice of the basis for a pair of doublets (a,b) fbl : 



w 



(a) 



(,•) 



Uj(x), 



(x) = (75C 1 (g>ia 2 ) [uj(x)]* , 



(18) 
(19) 



where 751^(2;) = —Uj(x). It is nothing but the 
symplectic basis for real representations consid- 
ered by Suzuki^]. This fact implies the cancel- 
lation of Witten's SU(2) anomaly (cf. @||). 
Given the basis for the SU(2) doublets defined 
globally one may try to extend the fermion mea- 
sure to incorporate the U(l) gauge field following 
the reconstruction theorem|l4|]. 

The issues in this approach are the local co- 
homology problem and the proof of the global 
integrability condition. Fortunately, the coho- 
mology problem can be solved for the U(l) part 
by the trick to treat the SU(2) gauge field as 
a background [|40|Jl | ] . As to the global integra- 
bility condition, it is proved for "gauge loops" 
in the space of the U(l) gauge fields with arbi- 
trary SU(2) gauge field in the background. For 
"non-gauge loops" , however, the proof is given so 
far only for the classical SU(2) instanton back- 
grounds j55). To proceed, it seems that the infor- 
mation on the topological structure of the admis- 
sible SU(2) gauge field is required. 



3. More on Ginsparg- Wilson fermions 

3.1. Unitarity and Hamiltonian approach 

Unitarity is one of the remaining issues about 
the Ginsparg- Wilson fermions, which is not fully 
examined yet. Let us consider the unitarity in 
lattice QCD defined with Neuberger's (overlap) 
Dirac operator. For free theory, Liischer worked 
out the spectral representation of the fermion 
propagator: 



>yo 



r7r d 3 v 



x e -E(x -y )+ip(x — y) ^0) 



where (to = 1, p 2 = J2k=i 4sin ^) 
p{E,p) = (70 sinh.E - ij k sinp k ) 

x I <5(g-^p)6)(cosh E~ lp 2 ) ~| p2 

{^(coahE-coshSp)} 1 ' 2 



+ ^-9(E-E p 



p 2 (cosh B-coBhE p )+ (cosh E-lp 2 ) 



cosh£,=l+^{l+i5; w , pIp^}, sinhw p =| sin 2 p fc |. 

(21) 

This result shows that the spectral function is 
non-negative 



dEcPp? p(E,p)£ > 



(22) 



and unitarity is maintained for any value of the 
lattice spacing aQ. 

With gauge interaction, it is possible to exam- 
ine the reflection positivityjl2| using the connec- 
tion to domain wall fermion. For this purpose, we 
recall the fact that the partition function of the 
lattice fermion defined with Neuberger's (overlap) 
Dirac operator in a truncated approximation 130] 
can be expressed by the partition function of do- 
main wall fermion. Namely we have 



dct Dn = 



det (£> 5w - toq) 
det {D 5w - m ) [Ap] ' 



(23) 



where D N = (1 + 75 tanh (a 5 NH)) /2. In the 
r.h.s. of Eq. (|2^), the five-dimensional Wil- 
son fermion subject to the anti-periodic (AP) 
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boundary condition in the fifth-dimension is in- 
troduced^]. Moreover, chiral invariant observ- 
ables in the original fermion system can be ex- 
pressed in terms of the boundary field variables 
of the domain wall fermion Q]: 

(O [U, (1 - 2D N )i>, ^]) W = (O [U, q, 

where q(x) = tp L (x, -N + 1) + %jj R (x, N). This 
result follows from the identity, 

(q(x)q(y)) F = D N - 1 -6(x 1 y). (24) 

Since the r.h.s. of Eq. (^3|) may be expressed 

as 

det {D 5w - mo) - det (D 5w - m ) [AP] 



Snw can be written into the form 



det 



U-Dsw ~ m o) f (-°5w - rn )\ 



[AP] 

(25) 



the original fermion system is equivalent to the 
set of two five-dimensional Wilson-Dirac fermions 
(with Dirichlet b.c. and anti-periodic b.c. in the 
fifth dimension, respectively) and one complex 
four-component boson (with the anti-periodic 
b.c). 



S'dw 



x.t 



,^{D 5w - mo)i/)(x,t) 
] $'(D 5w - m )ip'(x, t)\ AP 
+ J2&\D^-mo\ 2 Hx,t)\ AP . (26) 
Then the question is reduced to the reflection pos- 



itivity in the system given by the action Eq. (26) 



and for the observables written in terms of Uk, 
q and q in the gauge U4 = 1. Under the re- 
flection symmetry transformation with respect to 
x 4 = 1/2 : 6(x,x i ) = (x,-X4 + 1), (* = ip, ip') 

9U(x,x + k) = U(9x,9(x + k)) 

9^{x,t) = V(dx,t)j 4 , 6%(x,t) =i4$(9x,t) 

0$(x, t) = &(6x, t) 7 47 5 P (P:t-+-t+l) 

9 (f ai ,-,a n {U)4> ai ■ ■ ■ <j) an ) 



Suw = eB + + ^2{9A\_)A\+B + , (27) 



where A\ and B + are functions of the field vari- 
ables in the region xq > 1/2. Then we can show 
the positivity 



(90[U,q,q] + -0[U,q,q} + )W > . 



(28) 



The limit TV — > 00 is defined well as long as the 
admissibility condition is assumed p5|. Therefore 
the above positivity implies the positivity in lat- 
tice QCD with Neuberger's (overlap) Dirac oper- 
ator. The analysis and discussion in more detail 
will be given elsewhere p6|. 

The Hamiltonian approach is a possible di- 
rection to the formulation of lattice QCD with 
manifest chiral symmetry and unitarity. Creutz, 
Horvath and Neuberger has constructed such 
a Hamiltonian based on the overlap construc- 
tionj47|. It is defined through the three- 
dimensional Wilson-Dirac opertor X = D^ w — 
m (0 < m < 2) as Hp = J2 x ^Hx)H F ip(x) 
where 



H F = 7o ( 1 + X/VxTx) = l0 D 



(29) 



Because of the property of D in three dimensions, 
D' = 75-D75 = 70-D70, there are two kinds of 
the Ginsparg- Wilson relations with 75 and 70, re- 
spectively. The chiral charge can be introduced 
as Q5 = H x ^{ x )Q^{x) where 



(30) 



and it commutes with the Hamiltonian Hp. But 
it does not commute with the electric term in the 
Hamiltonian of the gauge field, reflecting chiral 
anomaly. Hp and Q5 have a correlation 



I % I =1, 



(31) 



which leads to an interesting interpretation of the 
chiral properties of the low-lying eigenmodes of 
Hp . This approach should have physical applica- 
tions in QCD and also in electroweak theory. 
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3.2. Algebraic generalization 

It is an important and challenging issue to seek 
new lattice Dirac operators with better chiral 
and locality properties. Fujikawa and Ishibashi 
has examined this possibility through an alge- 
braic generalization of the Ginsparg- Wilson rela- 
tion|4^,|^|. They consider the following relation 
for a lattice Dirac operator: 

75 (j 5 D) + (inD) 75 = 2a 2fc+1 { l5 D) 2k+2 

(32) 

for k — 0, 1, • • • . The case k = corresponds 
to the usual Ginsparg- Wilson relation. This gen- 
eralization is intended so that the index relation 
should be maintained: 

TT 5 = n + -n_, T 5 = -f 5 - {j 5 aD) 2k+1 . 

(33) 

The explicit solution of the relation Eq. (|3^) has 
been constructed by noting the relation 

75 ff 2fe+1 + H 2k+1 l5 = 2H 2 ( 2k +^ (34) 

for H = 75-D and applying the overlap con- 
struction to H 2k+1 . The consistency of free 
theory, chiral anomaly and locality has been 
checked psj]. The specturm of the class of the 
lattice Dirac operators has been examined nu- 
merically by ChiuQ. Unfortunately, it turned 
out that the locality property becomes worse for 
larger values of k. Therefore this approach can- 
not be used to improve the locality property, al- 
though the algebraic structure is interesting. It 
is desirable to have the systematic understanding 
about the conditions which determines the local- 
ity properties of a lattice Dirac operator. 

3.3. Odd dimensions 

Bietcnholz and Nishimura has argued that 
the Ginsparg- Wilson relation is also useful as a 
condition for lattice Dirac operator of massless 
fermions in odd dimensions [5l|] . They adopt the 
following relation for the three-dimensional Dirac 
operator: 

D + D^ = D^D, (35) 

which solution may be written in general as D = 
(1 — V), V^V = 1. The fcrmion action defined 



with such a Dirac operator is then invariant under 
the following parity transformation: R : x — > —x, 

U(x,fi) -> U(x lf i) p = U^(-x- n,fj,) (36) 
ifj(x) -> iRVip(x) ; ip(x) -> i${x)R (37) 

An interesting observation made here is that by 
this discrete transformation, the fermion measure 
transforms non-trivially, 

dtpdip -> (det V^dtpdtj; (38) 

and the Jacobian can be regarded as the parity 
anomaly. 

The explicit solution of the relation Eq. ( |35| ) 
is again provided by the vacuum overlap formal- 
ism f32|j33"| ]. It has been known that in odd di- 
mensions, it is possible to choose a phase so that 
the overlap formula is given by a determinant of 
a gauge-covariant operator, D ov [^3|. The com- 
plex phase of the determinant of D ov is nothing 
but the complex phase of the determinant of the 
three-dimensional Wilson-Dirac operator and it 
reproduces the Chern-Simons term in the contin- 
uum limit HII. 

Form the above point of view based on the 
Ginsparg- Wilson relation, this complex phase is 
just identified as the parity anomaly from the 
functional measure 

Im In det V = Im In det (D 3w - m ) (39) 

and it provides a reasonable definition of the lat- 
tice Chern-Simons term |5lll . In five-dimensions, 
this picture fits well to the structure of the descent 
relation over four-, five-, and six-dimensional lat- 
tices discussed in section |2[ The universality 
classes of the three-dimensional Dirac fermion 
has also been examined. 

4. Conclusion 

Core problems still remain. In chiral theories, 
the construction of non-abelian chiral gauge the- 
ories is still an open question. We need to know 
how to treat the space of the admissible lattice 
gauge fields. In vector-like theories, we should 
have better understanding of the behavior of the 
Ginsparg- Wilson fermions without the admissi- 
bility condition (cf. In particular for Neu- 
berger's (overlap) Dirac fermion, the behavior of 
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low-lying eigenvalues of hermitian Wilson-Dirac 
operator should be understood (cf. |55|-[57|l.) 

For Neuberger's (overlap) Dirac fermion, the 
relation to domain wall fermion is quite useful in 
theoretical investigations. In numerical investiga- 
tions, on the other hand, it seems relatively sim- 
pler to treat the four-dimensional Dirac operator 
directly. Still the five-dimensional point of view 
would be useful to get insights into the problem 
we face (cf. 
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